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Abstract
The BPS sector ofN = 2, 4d toric quiver gauge theories, and its corresponding D6-D2-D0 branes on Calabi-Yau
threefolds, have been previously studied using integrable lattice models such as the crystal melting model and the
dimer model. The asymptotics of the BPS sector, in the large N limit, can be studied using the Mahler measure
theory, [44]. In this work, we consider the class of isoradial quivers and study their thermodynamical observables and
phase structure. Building on our previous results, and using the relation between the Mahler measure and hyperbolic
3-manifolds, we propose a new approach in the asymptotic analysis of the isoradial quivers. As a result, we obtain
the observables such as the BPS free energy, the BPS entropy density and growth rate of the isoradial quivers, as a
function of the R-charges of the quiver and in terms of the hyperbolic volumes and the dilogarithm functions. The
phase structure of the isoradial quivers is studied via the analysis of the BPS entropy density at criticalR-charges and
universal results for the phase structure in this class are obtained. Explicit results for the observables are obtained in
some concrete examples of the isoradial quivers.
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1 Introduction
The toric quiver gauge theories lives in the world-volume of the D-branes on the tip of the Calabi-Yau threefolds
X . The study of the quiver gauge theories motivated by string theory has been attracted a lot of interests after the
seminal work, [9]. Among plausible approaches to explain the field contents, combinatorial and dynamical properties
of the quiver gauge theories there is the dimer model and related toric geometry, that capture the properties of the toric
quivers, [11, 12, 14]. The D6-D2-D0 bound states inX are the BPS bound states of the toric quiver theory and they are
determined by a closely related model to dimer model, namely the crystal melting model, [32, 33]. In this work, we
consider an interesting class of the dimer/crystal models, called isoradial models. We focus the quiver gauge theories
associated with the isoradial dimer models and study the thermodynamical aspects of these quiver gauge theories using
the techniques from the statistical mechanics of the isoradial models and related hyperbolic geometry.
The properties of the BPS sector, including the BPS counting and its asymptotic behavior in the limit of large rank
of the gauge groups and/or the large number of D0 branes are interesting nonperturbative problems. The asymptotic
analysis of the BPS sector and the study of the thermodynamics and phase structure of the quivers contain interesting
information about the gauge theories. Similar asymptotic problems in the chiral sector of the free quiver gauge theories
have been studied recently, [35].
In this work, we combine the tropical geometry methods introduced in the context of the toric dimer model [23],
with the Mahler measure technology of the A-polynomials and related hyperbolic geometry. Using these methods, we
explicitly compute the free energy and the entropy density of the isoradial quiver gauge theories in the asymptotic limit
and extract the phase structure. The Mahler measure theory provides a powerful approach in the asymptotic analysis
of many gauge theories and integrable systems. In our case, the Mahler measure of the Newton polynomial of the
isoradial quiver and associated hyperbolic 3-manifolds determine the thermodynamical observables of the quiver. In
our previous work [44], we introduced the connections between the Mahler measure and the BPS entropy density and
growth rate of the quiver. Building on these results, in this work, we elaborate on the infinite class of the isoradial
quivers and associated Mahler measure of the A-polynomials. The importance of the generalized Mahler measure
techniques in the asymptotic analysis of the toric quivers are the computational techniques that they provide for ex-
plicit analysis of the asymptotics [44]. In this work, we will use related computational techniques arising from the
connections between theMahler measure and the hyperbolic 3-manifolds. Moreover, this connection gives a geometric
realization of the asymptotics of the toric quivers in the isoradial class.
One of our aim in this paper is to provide a geometric interpretation and expression for the BPS entropy. Our
asymptotic analysis is based on the hyperbolic 3-manifold formulation of the thermodynamics of the isoradial quivers,
their entropy density and the phase structure. We obtain new explicit mathematical computations for the Mahler
measure of isoradial quiver, leading to new physical results for the thermodynamical observables in the context of the
BPS sector of isoradial quivers, as a function of the R-charges of the quiver.
The main mathematical result of this work is the computation of the Mahler measure of the NP of isoradial quivers
in terms of the hyperbolic 3-manifolds. Then, using our previous result in [44], we obtain our main physical results,
i.e. explicit formulas, as a function of theR-charges, for the observables of the isordial quiver such as entropy density.
Another mathematical result of this work is the explicit computation of the Mahler measure of a generic example in
the class of isoradial quiver, namely the cyclic k-polygon quiver, in terms of the Bloch-Wigner functions.
Having obtained the BPS entropy in terms of the hyperbolic volumes and dilogarithm functions, we perform further
analysis to extract the phase structure of the BPS sector from the Bloch-Wigner and Lobachevsky functions. The phase
structure of the isoradial quivers can be studied at critical limit of the entropy density. In this limit, the entropy density,
expressed as dilogarithm functions, takes a Shannon-like expression. The phase structure and the phase boundaries are
obtained from the analysis of the entropy density by exploring the non-differentiable points of the entropy density. In
the asymptotic regime of the isoradial class, there are universal features for the thermodynamical observables and the
phase structure. The universal features in the phase structure of the isoradial class, which is expected at criticality, is
rigorously studied using the hyperbolic 3-manifolds. Analytic properties of the special functions such as Bloch-Wigner
determine the analytic/non-analytic behaviour of the entropy density of the isoradial quiver.
In summary, the hyperbolic volumes, the Mahler measures and their relations to dilogarithm functions, enable us
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to rigorously study the quivers in the asymptotic limit and obtain a possible phase structure of these theories. Finally,
some concrete examples of the isoradial quivers are considered and explicit and numerical results for the entropy
density, growth rate and phase structure are obtained.
The rest of the paper is organized as following. In chapter two, we explain the crystal melting model and dimer
model for the BPS sector of the toric quiver gauge theories and review the general construction of the isoradial quivers
and related hyperbolic 3-manifolds. In chapter three, we develop the asymptotic analysis of the isoradial quivers. First,
we set up the backgrounds and basic methods from Mahler measure theory and hyperbolic 3-manifolds. Then, using
these methods and results, we obtain the free energy, BPS entropy density and growth rate. The phase structure of
the quivers are studied as a result of the analysis of the entropy density. In chapter four, we consider some concrete
examples of the isoradial quivers and obtain explicit results. Finally, the possible issues and directions for further
studies are discussed.
2 BPS Counting in Isoradial Quivers
In this section, we briefly review the construction of the BPS states, i.e. D6-D2-D0 bound states on the singularities
of the Calabi-Yau threefolds, associated with the isoradial crystal melting models, and the quiver gauge theories. We
will briefly introduce and review the properties of the isoradial quivers and their duals, the isoradial dimer graphs. In
this work, our emphasis is on the isoradial quiver and the possible implications and consequences that the isoradiality
brings into the problem of the asymptotic counting of the BPS states.
2.1 The BPS States and Crystal Melting
In this part, we review the construction of the crystal melting model associated with the isoradial quivers.
In the context of type-IIA string theory, we study the D6-D2-D0 bound states of D-branes in toric Calabi-Yau
threefold X , associated with the isoradial dimer models and quivers [31, 33]. The D6 brane is a noncompact brane
filling the entire X , D2’s are wrapping the two-cycles of the Calabi-Yau and D0 branes are point particles. An
interesting problem is the counting of D2-D0 bound states inside the D6. On the other hand, the D-brane bound states
are 12 -BPS bound states of the N = 2, supersymmetric gauge theory in four dimensions. The BPS states are charged
with the n number of D0 and l number of D2 branes. The number of such BPS states with the charge (n, l) is called
BPS index and denoted by Ω(n, l). To compute the BPS index, we need to define the BPS generating function as,
ZBPS =
∑
n,l
Ω(n, l) Ql qn, (1)
where q is the fugacity factor for D0’s and Q = {QI} is the set of fugacity factors associated with D2 branes and
Ql =
∏
I Q
lI
I with I runs over the two-cycles. The fugacity factors have geometric interpretations in topological
strings, where D0 fugcity is related to coupling constant via q = e−gs , and D2 fugacities are related to Kähler
parameters via QI = e
tI .
There are different approaches to count the BPS states and compute the BPS index. A plausible approach is using
the statistical lattice model associated to dimer and quiver graphs. This lattice model is called crystal melting model
and introduced in the context of string theory in [32]. The construction of the crystal melting model in string theory
and for a general toric quiver is developed later on in [33], using the path algebra and its modules. Roughly speaking,
the construction of the crystal is made by piling of the atoms of the crystal on the nodes of the quiver and the number
of the atoms is related to the number of the D0 and D2 branes and equivalently to the rank of the gauge groups of the
quiver. The crystal melting construction of the BPS states leads to the fact that the BPS bound states are corresponding
to the crystal configurations. Moreover, there is a bijection between the dimer coverings of the toroidial dimer model
and the configurations of the toric crystal melting model. These correspondences ofcourse continue to hold in the
asymptotic limit, i.e. the large charge limit. Thus, the BPS index and its asymptotics can be studied using the analytic
and combinatorial tools from the dimer model and crystal melting model. The first step in the counting problem and
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its asymptotic analysis is to define the generating function for the degeneracy of the crystal configurations πi from the
set of all possible molten configurations denoted by π,
ZCM =
∑
pii∈pi
L−1∏
i=0
q
|pii|
i , (2)
where L is the number of the colors, indicating different types of the atoms in the crystal, and the periodic fugacity
factor qi associated with πi, and |πi| is the number of the atoms in this configuration. Using the following relations
between the parameters of the BPS system and crystal model; q = q0 q1 ... qL−1, QI = qi (I = i = 1, ..., L− 1),
one can observe that the generating functions match as ZCM = ZBPS and thus the BPS index Ω(n, l) is equal to the
degeneracy of the molten crystal configurations where n is the total number of atoms removed from the crystal and lI
is the relative numbers of different types of the atoms.
The goal of this paper is to study the asymptotics of the BPS index in the large charge limit, n → ∞, in the
isoradial quivers. In our previous study [44], the BPS entropy density and the growth rates of the toric quiver are
computed using the dimer model and via the Mahler measure technology. In this work, we adopt similar techniques
from the Mahler measure, the hyperbolic 3-manifolds and related powerful analytic methods around the dilogarithm
function.
2.2 Isoradial Quiver/Dimer Model and Hyperbolic Polyhedra
In this part, we review the construction and properties of the isoradial dimer model and quivers and the hyperbolic
manifold built on the isoradial quiver. The quiver is a planar oriented graph denoted by Q = (Q0, Q1, Q2), a set of
nodes Q0 and arrows Q1 with oriented cycles Q2, i.e. the faces of quiver. The head and tail of an arrow ai is denoted
by h(ai) and t(ai), respectively. Periodic quiverQ is isoradial or isoradialy embedded in the plane if all the faces Q2
which are polygons are inscribed in circles with radius one. In the isoradial quiver, all the arrows ai ∈ Q1 standing on
an arc αai ∈ (0, 2π) and for every cycle c ∈ Q2, we have
∑
ai
αai = 2π.
The quiverQ has a consistentR-charge if there is a mapR : Q1 → (0, 2), such that for all cycles (a1a2...ak) ∈ Q2
and for all vertices v ∈ Q0, we have∑
i
Rai = 2,
∑
h(ai)=v
(1−Rai) +
∑
t(ai)=v
(1−Rai) = 2. (3)
The above equations are equivalent to the geometrical isoradiality condition and stating that the isoradial quiver has
consistent R-charge 2 and vanishing β-function, [15]. The relation between the isoradiality and R-charge consistency
is that a quiverQ can be isoradially embedded if it admits a consistent R-charge. In other words, the relation between
the consistent Rai -charges and the arcs αai is obtained in [15], as
πRai = αai . (4)
The dual graph of the quiver is called the dimer graph. Similarly, the dimer graph is isoradially embedded if all
faces which are polygons are inscribed in circles with radius one. To each edge of the dimer graph ei ∈ E, one assign
an angle θei ∈ (0, 2π). By connecting nodes of the dimer graph to the centers of the dimer graph, i.e. nodes of the
quiver, we have the tiling of the plane by the rhombi with side of length 1. This is called rhombus tiling. Dimer edges
and quiver arrows are perpendicular diagonals of the rhombus tiling. The two notions of isoradiality in dimer and
quiver graphs are related by the complementary arcs for the dual graphs,
αai = π − θei if ei = a˘i, (5)
where the edge ei is the dual arrow ai of the quiver. For simplicity we will denote Rai by Ri, and αai by αi in the
following sections and will normalize the angles and the R-charges by a factor 1/2 such that
∑
iRi = 1.
Further analysis of the consistency of the quiver gauge theories, related to dimer model is discussed in [13]. For a
comprehensive review of the geometric aspects of the dimer model and related quivers, consult with [2]. In the next
part, we will explain the statistical mechanics of the dimer model and its relation to quiver gauge theories.
4
Characteristic Polynomial of Isoradial Quivers
Given a toric Calabi-Yau manifoldX there is an associated Newton polynomial (NP), [3],
P (z, w) =
∑
(n,m)
a(n,m) z
n wm, (6)
where z = e2piiθ1 , w = e2piiθ2 are the two coordinates of the torus, (n,m) are the vertices of the toric diagram and
a(n,m) are associated with the Kähler moduli t(n,m) of X . The Newton polygon or the toric diagram of P is the
convex hull in R2 of the set {(n,m) | a(n,m) 6= 0}. The NP encodes all the geometric data in X and the associated
quiver. However, the thermodynamic information of the quiver can be encoded in an extension of the NP called the
characteristic polynomial of the isoradial dimer. This is defined as the sum over the dimer covers C in the set of dimer
coveringsM on the dual graph of the quiver, [19],
P (z, w; {εi}) =
∑
C∈M
e−εCzhxwhy (−1)hxhy , (7)
where hx, hy are the height changes in the dual graph and given by the vertices of the toric diagram (hx, hy) = (n,m),
and the energy of the quiver is the sum of the energies of the dimer edges, εC =
∑
i∈C εi. The energy of the dimer edge
is related to the conformal dimension and the R-charge of the associated field of the quiver. In the isoradial dimer, the
energy of the dimer edge is the logarithm of the length of the edge of the quiver. As we will observe, the characteristic
polynomial determines the statics and dynamics of the asymptotics of the quiver. The set of data encoded in the
NP, completely determine the thermodynamics of the (isoradial) quivers. The exponents (n,m) of the NP are fixed
parameters set by the underlying Calabi-Yau geometry provide some fixed property of the quiver’s thermodynamics
such as phase boundaries. The coefficients a(n,m) of the NP are the dynamical parameters and control the dynamical
properties of the quiver and thermodynamical observables such as entropy density.
From NP in Eq. (6), we can define a NP, analogous to Eq. (7), associated with the generalized quiver polygon with
edge lengths ai, as
P (z, w; {ai}) =
∑
i
ai z
ni wmi , (8)
where i runs over the boundary vertices of the toric diagram with component (ni,mi) and {ai} ≡ (a1, a2, ..., an). In
fact, to each term in NP in Eq. (6), we can associate a coefficients ai which is the edge lengths of the quiver. This
way, the quiver is a polygon with the same number of sides as toric diagram. In the isoradial quiver, in consistency
with Eq. (7), we have the following relations ai = νi = e
−εi = 2 sinπRi, where ∋i are the statistical weights on
the edges of the dimer model. Indeed, the edge lengths of the quiver is given by the R-charges of the fields associated
with the quiver edges. In the statistical picture, the quiver edge lengths are the statistical weights and their logarithm
are energies of the dimers i.e. the fugacity factors associated with R-charges. For more convenience, we will denote
the fugacity factors by xi, defined from log ai = xi. For simplicity, we will denote P (z, w; {ai}) by P (z, w), unless
it is necessary to keep the dependence on ai explicit.
Hyperbolic Polyhedra, Ideal Triangulation and Isoradiality
In this part we explain the construction of the hyperbolic 3-manifolds built on the isoradial quiver polygon and its tri-
angulations into tetrahedra. we briefly discuss the conditions for the triangulation and also its relation to the isoradilaty
conditions. For more details, see the Appendix and references therein.
LetN be an ideal polyhedron, a hyperbolic compact, 1-cusped and finite volume 3-manifold, with torus boundary,
constructed over the quiver polygon with edge lengths ai. In other words, the projection of the ideal polyhedron on
the plane is a cyclic polygon in ∂H, i.e. the isoradial quiver, explained in the previous section. The ideal triangulation
of N , into finite union of ideal tetrahedra T (zj) ≡ Tj characterized by shape parameters zj , and with vertices at
0, 1,∞, zj, and the volume of the polyhedron are as follow, see the Appendix for more details,
M =
n⋃
j=1
Tj , Vol(N) =
∑
j
D(zj). (9)
5
The necessary and sufficient conditions for ideal tetrahera Tj and their shape parameters zj to glue around each edge
of the triangulation and form the ideal polyhedronN is known as gluing equations,
n∏
i=1
z
ai,j
i (1− zi)
a′i,j = ±1, for j = 1, ..., n, (10)
where ai,j , a
′
i,j are integers depending on N . These algebraic equations has a solution (z1, z2, ..., zn) with ℑzj > 0,
for all j and it is called geometric solution. Moreover, there are other conditions dealing with fitting properties at the
cusps of the N , called completeness equation,
n∏
i=1
zcii (1− zi)
c′i = ±1,
n∏
i=1
zdii (1− zi)
d′i = ±1, (11)
where ci, c
′
i, di, d
′
i are integers depending on N . In fact, the metric of the hyperbolic 3-manifolds is complete iff
(z1, z2, ..., zn) solves the completeness equations.
In the triangulation of the hyperbolic polyhedra, the necessary and sufficient conditions for the existence of the
solutions of the gluing equations are discussed in [1], which in our notation are∑
f∈Q2
2π =
∑
ai∈Q1
2(π − αai),
∑
f∈Q′2
2π <
∑
ai∈Q′1
2(π − αai), (12)
where Q′2 is a nonempty subset of faces and Q2 6= Q
′
2, and Q
′
1 is the set of all edges incident with any face of Q
′
2.
In fact, the above gluing conditions follow from the isoradialty conditions in Eq. (3) by taking the sum over f ∈ Q2
and f ∈ Q′2. In essence, these equations imply that around every edge, the gluing should be such that the sum of the
angles sum up to 2π. Thus, the triangulation and gluing equations are equivalent to the isoradiality conditions for the
isoradial quiver.
NP of Isoradial Quiver and A-Polynomial
The NP of isoradial quiver are genus zero curves. Furthermore, as the isoradial quivers can be triangulated and they
satisfy the gluing and completeness equations, their NP are similar to to A-polynomials and their closed cousines
H-polynomials, for an introduction to A-polynomials and their Mahler measure see [38]. A-polynomials are special
type of NP which satisfy the algebraic analogue of ideal triangulation,
z ∧ w =
n∑
j=1
rj zj ∧ (1− zj), (13)
for some rj ∈ Q. First, we make an observation about the relation between the A-polynomials and the Newton
polynomials of the isoradial quivers. The NP of isoradial, like the A-polynomials, satisfies the triangulation equations
and can be triangulated. They also have the property that their Mahler measure are the volumes of some hyperbolic
3-manifolds. Thus the NP of the isoradial quivers shares the same properties with the A-polynomials.
In fact, the A-polynomial defines the NP associated with the isoradial quivers and vice versa. To each A-polynomial
we can associate a cyclic polygon where the number of the edges is equal to the number of the terms in the A-
polynomial and the length of each edge ai is the coefficient a(n,m) of the associated term in the A-polynomial. If all
of the ai’s are the same we can scale them to one and obtain a normalized A-polynomial with all the coefficients equal
to one. Particularly, this one is of special interest since, as we will see, it maximizes the volume of the ideal hyperbolic
polyhedra built on the cyclic polygon and consequently maximizes the Mahler measure of the A-polynomial.
3 Asymptotic Analysis of Isoradial Quivers
As we obtained in our previous study [44], the growth rate (and the BPS entropy density) are obtained from the
surface tension of the dimer model and explicitly computed using the (generalized) Mahler measure of the NP of
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the quiver. The free energy of the quiver theory is obtained from the limit shape of the crystal model in terms of
the Ronkin function. In the special case of isoradial quivers, the Newton polynomial is of special type, namely the
A-polynomials. The Mahler measure of A-polynomials has been studied specially for their relations to volumes of
hyperbolic 3-manifolds. We use the language and techniques from the hyperbolic geometry to study the asymptotics
of isoradial quivers. To do this, first we compute the Mahler measure of the isoradial quivers and then apply this to
compute the thermodynamical quantities of the isoradial quiver such as free energy, entropy density and growth rate,
using the physical parameters of the quiver, i.e. the R-chatrges and associated fugacities. This leads to the exploration
of the possible phase structure in the isoradial quivers and its universality features.
In the next part, first we review the results for the asymptotic counting of BPS states using the dimer model and
crystal melting and associated Mahler measure.
Crystal Quiver Asymptotics and Mahler Measure
In this part, first we review the results obtained in [44] about Mahler measure method in study of the asymptotic of
the toric quivers. In our previous work, we established the connection between the asymptotics of the BPS sector and
the generalized Mahler measure theory. Building on our previous results, we introduce related techniques from hyper-
bolic 3-manifolds to study the asymptotics of the isoradial quivers to obtain explicit results for the thermodynamical
observables.
For the dimer model, defined on theM byM cover of the torus, using the asymptotic techniques, the BPS partition
function in the largeM limit is obtained in [34], as
ZBPS ∼ exp
(
M2
(ˆ 1
0
−σ(s, t) dx dy − gsM
ˆ 1
0
N(x, y) dx dy
))
, (14)
whereN(x, y) is the profile function of gauge groups of the quiver, obtained in the asympototic limit by the appropriate
scaling and is given by the Ronkin function,
N(x, y) =
1
(2πi)2
ˆ
|z|=ex,|w|=ey
log |P (z, w)|
dz
z
dw
w
, (15)
and the surface tension σ(s, t) is given by the Legendre dual of the Ronkin function.
For the computational purposes, one can formulate the asymptotics in terms of the Mahler measure. The Mahler
measure of the Newton polynomial P (z, w), is defined by
m(P ) =
1
(2πi)2
ˆ
|z|=1,|w|=1
log |P (z, w)|
dz
z
dw
w
, (16)
and similarly the generalized Mahler measure on the torus is defined by
m(a,b)(P ) =
1
(2πi)2
ˆ
|z|=a,|w|=b
log |P (z, w)|
dz
z
dw
w
=
1
(2πi)2
ˆ
|z|=1,|w|=1
log |P (az, bw)|
dz
z
dw
w
. (17)
The generalized Mahler measure reduces to the original one at a = b = 1. At a = ex and b = ey , the generalized
Mahler measure is the Ronkin function, as we have
N(x, y) = m
(
P (exz, eyw)
)
= mex,ey (P ). (18)
The surface tension σ(s, t) is the entropy density of the quiver and is given by the Legendre transform of the profile,
σ(s, t) = L[N(x, y)] = −N(x, y) + x s+ y t. (19)
In terms of the Mahler measure we have
σ(s, t) = L(mex,ey (P ))
= −mex,ey (P ) + xs+ yt,
(s, t) = ∇mex,ey (P ), (20)
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where the last line is implied by the Legendre duality.
Using the Legendre transform properties and putting the total derivative term to zero, the free energy of the quiver
is obtained in [34], as the integral of the profile function over the Amoeba A = { (log |z|, log |w|) | P (z, w) = 0 }
(for a review on the Amoeba and related topics, see [28]),
FBPS = logZBPS = −
1
g2s
ˆ
A
N(x, y) dx dy = −
1
g2s
ˆ
A
L[σ(s, t)] dx dy = −
1
g2s
ˆ
A
mex,ey (P ) dx dy. (21)
The BPS growth rate of the quiver is obtained from the maximum value of the entropy density, and it is given by
the generalized Mahler measure at a = b = 1, [44],
lim
n→∞
logΩ(n) = −σ(s∗, t∗)1/3n2/3 = N(0, 0)1/3n2/3 = m(1,1)(P )
1/3n2/3. (22)
In [44], the above general formalism is applied to some fundamental examples of the toric quivers and explicit results
are obtained. In this paper, our goal is to extend the asmyptotic analysis of the BPS sector to the class of isoradial toric
quivers and obtain the general explicit results in this class. In fact, the main goal of this work is to apply the above
result to the case of isoradial quivers and obtain explicit result in this case. This will be done by introducing a new
formulation of the problem in terms of hyperbolic 3-manifolds.
Dimer Model vs Hyperbolic Parameters
One of our goals in this article is to introduce and develop a physical parameterization for the thermodynamics of the
quivers in terms of the R-charges of the quiver fields. We generalize the dimer model two-variable formalism in the
BPS sector of the toric quiver to the multivariate hyperbolic parameterization suitable in the class of isoradial quivers.
As we will explain throughout the paper, working in this setup has some advantages. Especially, since the isoradial
dimer weights are proportional to the lengths of the edges of the quiver, thus we can use this property to connect the
asymptotic of the isoradial quivers to the Mahler measure and hyperbolic 3-manifolds, in a natural way.
Using the hyperbolic parametrization, we can setup a physical formalism to study the thermodynamics of the
isoradial quivers and obtain the entropy density, growth rate, free energy and the phase structure in terms of the
parameters of the hyperbolic 3-manifolds and the R-charges of the quiver. In principle, for any quiver, it is always
possible to transform the results into the dimer parametrization and obtain an intuitive picture in terms of crystal
model. This might be considered as an advantage but mathematically equivalent to the hyperbolic parameterization.
A more concrete explanation of the relations between the two parameterization is explained in section 3.5.
Before we proceed to the hyperbolic formulation of the asymptotics of the isoradial quivers, we need to review
some mathematical backgrounds and results about the Mahler measure and hyperbolic 3-manifolds.
3.1 Isoradial Quivers, Mahler Measures and Hyperbolic 3-manifolds
As we obtained in [44], the BPS entropy density and the growth rates are obtained from the Mahler measure and its
generalization on the torus. In the case of isoradial quivers, the NP of the quivers shares many properties with the
A-polynomials. Thus, in order to study the asymptotics of the isoradial quivers, we need to study the Mahler measures
of the A-polynomials. In this part, first we review the relation of the Mahler measure of A-polynomials and volumes
of the hyperbolic 3-manifolds, in the simplest example. Then, based on this relation, and using the generalization of
the Ronkin function and its Legendre property, we obtain the Mahler measure of the isoradial quivers in terms of the
generalized Legendre transform of the hyperbolic volumes.
Mahler Measure and Hyperbolic Volumes
Let us first consider the normalized NP of isoradial quiver with all the coefficients set to one {ai = 1}. Extending
the Jenkins formula to the Mahler measure of the NP with two variables, Boyd and Rodriguez-Villegas computed the
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Mahler measure of the A-polynomials [7]. Using the solutions wi of P (z, w) = 0, the NP can be factorized as,
P (z, w) = w0(z)
d∏
i=1
(w − wi(z)). (23)
Then the Mahler measure of the NP can be decomposed as
m(P ) = m(w0) +
1
(2πi)2
ˆ
|z|=1,|w|=1
d∑
i=1
log |w − wi|
dz
z
dw
w
= m(w0) +
1
2πi
d∑
i=1
ˆ
|z|=1,|wi|≥1
log |wi|
dz
z
= m(w0)−
1
2π
d∑
i=1
ˆ
|z|=1,|wi|≥1
η(z, wi), (24)
where η(z, wi) = log |z| d argwi − log |wi| d arg z = − log |wi| d arg z for z = e2pii arg z on the torus, and we used
d arg x = ℑ(dxx ). For cyclotomic polynomials which all the roots of w0(z) lie on the unit circle, we havem(w0) = 0.
For the normalized NP of isoradial quivers which are genus zero curves and for A-polynomials of the 1-cusped
hyperbolic 3-manifolds, we can solve the gluing equations and thus using the relation between the volume form and
Bloch-Wigner function (see the Appendix), we have
z ∧ wi =
∑
ik
r∗ikz
∗
ik(1− z
∗
ik),
η(z, wi) =
∑
ik
η(z∗ik , 1− z
∗
ik
) =
∑
ik
dD(z∗ik) = d(
∑
ik
D(z∗ik)) = dVol, (25)
to write
m(P ) =
1
2π
ˆ
γ
dVol =
1
2π
ˆ
∂γ
Vol =
∑
l
Vol((zl, wl)
1)− Vol((zl, wl)
2)
= −
1
2π
∑
i
∑
ik
r∗ikD(z
∗
ik
)|∂γ , (26)
where γ is an oriented path in {(z, w)| |z| = 1, |wi| ≥ 1}, (zl, wl)1, (zl, wl)2 are the boundary points of the γ, and
we used the Stokes Theorem in the first line with the sum over the volumes of hyperbolic 3-manifold under different
hyperbolic metrics. Thus, we observe that the Mahler measure are related to the volume of the hyperbolic 3-manifold.
The relation between the Mahler measure of A-polynomials and the volume of the hyperbolic 3-manifolds is proposed
in [7, 6] and developed in [24], based on initial numerical observation in [5] and the above computations provide
possible explanation of this relation. We explain further this relation in the case of isoradial quivers. As we will
describe in the next part, the Mahler measure of isoradial quivers with arbitrary edge lengths {ai} is the volume of the
hyperbolic ideal polyhedronN built on the quiver cyclic polygon plus logarithmic terms,
πm({ai}) = Vol(N) + log-terms. (27)
The Mahler measure and the volume of the ideal polyhedron is maximized in the isoradial quivers with the same edge
lengths {ai = a∗i = 1}, which corresponds to the regular cyclic polygon. Lets denote the corresponding ideal regular
polyhedron by N∗, then, in consistency with the above result, we have,
πm({a∗i }) = Vol(N
∗). (28)
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Mahler Measure of Isoradial Quiver
In the previous part, we have computed the Mahler measure of the normalized NP. In this section we turn on the
coefficients ai and compute the Mahler measure. As we observed in [44], the generalized Mahler measure, on the
arbitrary torus, of the NP of the quiver is the Ronkin function that depends on the torus parameters a, b. It is natural
to generalize the Ronkin function to depends on {ai}. Using the Legendre duality relation between the generalized
Mahler measure and the entropy density in Eqs. (18) and (19),
m(a,b)(P ) = −σ(∇logm(a,b)) +
∂m(a,b)
∂ log a
log a+
∂m(a,b)
∂ log b
log b, (29)
where ∇log = (
∂
∂ log a ,
∂
∂ log b ), and the fact that the maximized entropy density is given by the generalized Mahler
measure at a = b = 1, as σ∗ = m(1,1)(P ), we can generalize the Legendre duality relation in Eq. (29) and write the
Mahler measure (the generalized Ronkin function) of the NP of Isoradial quiver as a cyclic polygon with edge lengths
aj and dihedral angles αj , as
πm({aj}) = Vol(N) +
∑
j
αj log aj =
∑
i∈T
D(zi) +
∑
j
αj log aj , (30)
where the first sum is over the triangles in the triangulation T and the second sum is over the sides of the poygons
indexed by j. The above mathematical result will be used in this article in the explicit computations of the Mahler
measure of the NP of the isoradial quivers, and can be seen as the generalization of the results in [7].
Relation to Isoradial Dimer Model
The above result for the generalized Ronkin function in Eq. (30) can be obtained from another perspective, using the
statistical mechanics of the toric isoradial dimer model. First, it is obtained in [23], that the partition function of the
dimer model on the toric bipartite planar graph is given by the Mahler measure,
logZ toric =
1
(2πi)2
ˆ
|z|=1,|w|=1
log |P (z, w)|
dz
z
dw
w
. (31)
In presence of the magnetic field (Bx, By), the above partition function becomes the Ronkin functionN(Bx, By).
On the other hand, the partition function of the isoradial dimer model on an isoradial periodic bipartite planar
graph is obtained in [21, 8], as
logZ iso =
∑
e∈E
1
π
L(θe) +
θe
π
log(2 sin θe), (32)
where θe is the rhombus half-angle associated to the edge e in the set of all edges E. Combining the above results for
the partition function of the toric dimer model and the results for the partition function of the isoradial dimer model,
we obtain the partition function of the toric isoradial dimer model. In fact, the free energy of the dimer model on
an isoradial periodic bipartite planar graph G is obtained from the partition function of the toric dimer model on the
univeral cover of a finite isoradial graph on a torus, GM = G/MZ
2, for an integerM > 0, as
logZ(G) := lim
M→∞
1
M2
logZ(GM ) =
∑
e∈E
1
π
L(θe) +
θe
π
log(2 sin θe). (33)
Using the duality of the dimer model and quivers, the above result can be seen as the Mahler measure of the isoradial
quivers, and indeed consistent with Eq. (30).
Moreover, the surface tension of the isoradial dimer model is obtained from the Legendre transform of the free
energy and is given by the volume of the hyperbolic polyhedron,
σ({θe}) = L[logZ(G)] = −
1
π
∑
e
L(θe). (34)
10
For further statistical mechanical results on isoradial dimer model, see [4].
Now, if we use the triangulation of the polygon, we can observe the equality between two expressions for the
entropy density in terms of the Bloch-Wigner and Lobachevsky function,∑
i∈T
D(zi) =
∑
i∈T
(
L(θ1i ) + L(θ
2
i ) + L(θ
3
i )
)
, (35)
where θ1i = arg zi, θ
2
i = arg(1 − z¯i) and θ
3
i = arg(
1
1−zi
). In a triangulation of isoradial quiver polygons we have,
θ3i = π − θ
3
j , for any (i, j) pair of opposite triangles that share an internal edge. Thus, using this and Eq. (30), we can
write the Mahler measure in terms of the Lobachevsky function,
πm({ai}) =
∑
i
L(αi) + αi log ai = Vol(N) +
∑
i
αi log ai. (36)
To relate the generalized Ronkin function to the entropy density, we can use the multivariate Legendre transformation,
m({ai}) = −σ({αi}) +
∑
i
αi
π
log ai. (37)
The observations in this section about the connections betweenMahler measure and dimer model, andMahler measure
and hyperbolic volumes may shed light on the mysterious connections between isoradial dimer model and hyperbolic
volumes observed in [21].
3.2 Free Energy of the Isoradial Quivers: R-Charge Parameterization
As we explained in the beginning of the section 3, the BPS entropy density and the free energy of the quiver is obtained
in terms of the Mahler measure. Specialization to the isoradial quivers leads us to a specific Mahler measure, namely
the Mahler measure of the A-polynomials. In the class of isoradial quivers, due to the connection between the Mahler
measure of the A-polynomials and the hyperbolic ideal polyhedra, we can obtain explicit results. In fact, hyperbolic
geometry provides the explicit results about the asymptotic and the phase structure of the model.
Having explained the change of parameterizations and the relations between the hyperbolic parameters and the
isoradial quivers, we continue towards the formulation of the asymptotic analysis of the isoradial quivers in terms
of the hyperbolic parameters. In this part, we derive the asmyptotic analysis of the isoradial quivers in terms of the
physical quantities, the R-charge Ri =
αi
pi , and associated fugacities xi = log ai, xi = log sinπRi. In this part, we
introduce a multivariate generalization of the asymptotic analysis of the toric quivers explained in [44] and reviewed in
the beginning of the section (3). This is the hyperbolic/R-charge parameterization of the asymptotics of the isoradial
quiver gauge theories. The relation between the BPS index of toric isoradial quiver gauge theories and hyperbolic
3-manifolds has been proposed and studied in [39, 42]. As a natural generalization of the two-variable asymptotic
analysis, we start with the asymptotics of the partition function parameterised in the hyperbolic parameters,
ZBPS ∼ exp
(
Md
ˆ d∏
i=1
J dxi(−σ({Ri})− gsMm({xi}))
)
, (38)
where xi = log ai, and J is the Jacobian of the transformation from two-variable to d-variable, with the scaling
dimension [J ] = M2−d. Using the Legendre duality between the entropy density and the generalized Ronkin function,
we have
m({xi}) = −σ({Ri}) +
∑
i
Rixi, (39)
and Legendre transformation implies,
∂σ
∂Ri
= xi,
∂m
∂xi
= Ri. (40)
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The generalized Ronkin function in terms of the R-charges, can be obtained from Eq. (36),
m({Ri}) =
1
π
Vol(M) +
∑
i
Ri log sinπRi =
1
π
∑
i∈T
D(zi) +
∑
i
Ri log sinπRi, (41)
m({Ri}) =
∑
i
1
π
L(πRi) +Ri log(2 sinπRi). (42)
By generalizing the arguments for Eq. (21), the partition function is obtained as integral of the Mahler measure of the
quiver over the generalized AmoebaAG = { (x1, x2, ..., xd) | P (z, w; {ai}) = 0 }, as
ZBPS ∼ exp
(
−1/g2s
ˆ
Ag
d∏
i=1
J dxi m({xi})
)
. (43)
Then, we can compute the free energy of the isoradial quivers which is the genus-zero Gromov-Witten invariants of the
isoradial toric quivers. In fact, as the NP of the isoradial quiver is a genus zero curve, the generalized Ronkin function
is contributing precisely to the genus-zero Gromov-Witten invariant. In other words, the free energy of the isoradial
quiver is the genus-zero partition function of topological string. The isoradiality of the quiver, implies the exact and
explicit expressions for the free energy, in terms of the Mahler measure, hyperbolic volume and thus the dilogarithm
functions. After the change of variable in the dimer model representation of the free energy in Eq. (21), we can find
the hyperbolic parameterization of the free energy,
FBPS = −
1
g2s
ˆ
AG
∏
i
J dxi m({xi}) = −
1
g2s
ˆ
AG
∏
i
J dxi L[σ({Ri})] = −
1
g2s
ˆ
AG
∏
i
J dxi L[
1
π
Vol(M({ai}))]. (44)
Similar result are obtained from other plausible approaches, in [42].
The mean curvature of the hyperbolic 3-manifold, defined by the sum over the edges of (π − αi)l with l is the
hyperbolic edge length, is the internal free energy, i.e. the mean energy of the isoradial quiver, [21], is given by
U =
1
π
∑
i
αi log(2 sinαi) =
∑
i
Ri log(2 sinπRi). (45)
3.3 BPS Entropy Density
In this work, we give another parameterization of the entropy density namely the hyperbolic/R-charge parameteri-
zation. We will also compare this parameterization with the dimer model parameterization in terms of the height
functions and slopes. We elaborate on the BPS entropy density as the Legendre dual of the Mahler measure of the
NP of the isoradial quiver. We obtain BPS entropy density and growth rate in terms of the Hyperbolic Volumes and
Bloch-Wigner Function, as a function of theR-charges. As we will see, the liquid phase contribution to the BPS index
is the hyperbolic volume of the ideal polyhedron built of the quiver polygon and is expressed in terms of Bloch-Wigner
function. In the isoradial and isoradially embedded quivers, this is the only contribution to the BPS index, since the
gas phase either does not exist or is shrunk to zero.
Entropy Density, Mahler Measure and Hyperbolic Volumes
Similar to the two-variable case in which the entropy is obtained as the Legendre dual of the Ronkin function in Eq.
(19), the entropy density in hyperbolic parameterization is given by the Legendre transform of the Mahler measure of
the quiver polygon,
σ({Ri}) = L(m({xi})) = −m({xi}) +
∑
i
Rixi. (46)
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As we observed in the previous sections, the Mahler measure of the NP of quiver polygon is related to the volume
of the ideal hyperbolic polyhedron built on the quiver polygon, Eq. (36). Thus, the entropy density becomes the
volume of the polyhedron,
σ({Ri}) = L(m({xi}) = −
1
π
Vol(N). (47)
This is consistent with the results in isoradial dimer model, [21]. We observe that the BPS counting of the isordial
quivers as well as counting in isoradial dimer model in the thermodynamic limit can be studied using the hyperbolic
3-manifolds. Now, we can use the computation of the hyperbolic volumes in terms of the dilogarithm functions.
The BPS entropy density of the isoradial quivers can be written in two ways in terms of the Bloch-Wigner function
and Lobachevsky function. In terms of the Bloch-Wigner functions, as the sum over the shape parameters in the
triangulation T ,
σ({Ri}) = −
1
π
Vol(N) = −
1
π
∑
i∈T
D(zi), (48)
and in terms of the Lobachevsky function,
σ({Ri}) = −
1
π
Vol(N) = −
1
π
∑
i
L(πRi). (49)
The next computational step would be to compute the volume in terms of the geometrical parameters of the polyhedron
and the physical parameters, R-charges. We will perform these computations in concrete examples in chapter 4.
Schläfli Formula and Entropy Density
In this part, we further explore the connections between the thermodynamics of the quiver in terms of the Legendre
transform of the Mahler measure and the Schläfli volume form in hyperbolic 3-manifolds, [18]. The idea is to present
another geometric interpretation and realization for the thermodynamics of the isoradial quiver.
As we explained in section 3.1, using the Jenkins formula, the Mahler measure of the two-variable NP is related to
the volume differential form,
η(z, w) = log |z| d argw − log |w| d arg z. (50)
Using the triangulation decomposition z ∧ w =
∑
i zi(1− zi) for the NP of isoradial quivers and A-polynomials, we
have
η(z, w) =
∑
i
η(zi, 1− zi) =
∑
i
dD(zi) = d(
∑
i
D(zi)) = dVol. (51)
In the hyperbolic geometry, the volume differential form of the hyperbolic polyhedron is given by the following
formula known as Schläfli formula [18], expressed in terms of logarithmic edge lengths li and the dihedral angles αi,
dVol = −
1
2
∑
i
li dαi. (52)
On the other hand, in the thermodynamic formalism, the entropy density, as the Legendre dual of the Mahler measure
given by Eq. (46), can be written in terms of the dihedral angles and quiver edge lengths as,
σ({αi}) = −m({ai}) +
∑
i
αi
π
log ai. (53)
From the above Legendre transformation, the entropy density differential, modulo π, becomes
dσ =
∑
i
∂σ
∂αi
dαi,
∂σ
∂αi
= log ai = xi. (54)
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Assuming the relation between the entropy density and the hyperbolic volume, and comparing the Schläfli differential
volume formula with the entropy differential, we obtain
li = xi = log 2 sinαi. (55)
This can be considered as a thermodynamical interpretation of the Schläli formula, from the isoradial quiver point of
view. Thus, we observe that the thermodynamics of the isoradial quivers is closely related to the convex variational
principle in ideal polyhedra, [16, 37, 10] and this is suggestive of a possible fruitful interdisciplinary connections.
3.4 BPS Growth Rate
In this part, we compute the BPS growth rate of the isoradial quiver. As we observed in [44] and reviewed in section
3, the BPS growth rate is computed via the extremization of the BPS entropy density.
lim
n→∞
logΩ(n) = −σ({R∗i })
1/3n2/3 = m({x∗i })
1/3n2/3. (56)
From the geometry point of view, to maximize the entropy density, we need to extremize the hyperbolic volume of the
ideal polyhedra of quiver. Using the Lagrange multiplier, we obtain that the maximum of the entropy density as
σ({Ri}) = −
1
π
Vol(N) = −
1
π
d∑
i=1
L(πRi), (57)
happens at
∂L(R1)
∂R1
∣∣∣∣
R1=R∗1
=
∂L(R2)
∂R2
∣∣∣∣
R2=R∗2
= ... =
∂L(Rd)
∂Rd
∣∣∣∣
Rd=R∗d
, (58)
which leads to R∗1 = R
∗
2 = ... = R
∗
d = 1/d. The maximizing point of the hyperbolic volume happens at the
symmetric point for the ideal polyhedra built on the regular polygon quivers. Thus, the entropy density is maximized
for the regular polygon quiver and we have
lim
n→∞
logΩ(n) = −σ({R∗i })
1/3n2/3
=
1
π1/3
Vol(M∗)1/3n2/3
=
(
1
π
∑
i
L(πR∗i )
)1/3
n2/3
=
(
d
π
L(
π
d
)
)1/3
n2/3. (59)
Equivalently, we can study the variational problem in terms of the Mahler measure of NP and the Bloch-Wigner
functions. As we observed the regular polygon quiver is the maximizer of the entropy density. The regularity implies
that that all the coefficients, the lenghts of the edges, ai in the NP of the isoradial quiver are equal and thus can be
rescaled to one,
a∗1 = a
∗
2 = ... = a
∗
d = 1, (60)
and in terms of the fugacity factors,
x∗1 = x
∗
2 = ... = x
∗
d = 0, (61)
and all the angles between the edges of the polygons are also equal
γ∗1 = γ
∗
2 = ... = γ
∗
d =
(d− 2)
d
π. (62)
14
Thus, in terms of the we have
lim
n→∞
logΩ(n) = −σ({z∗i })
1/3 n2/3
= −L (m({x∗i }))
1/3 n2/3
=
(
1
π
∑
i
D(z∗i )
)1/3
n2/3, (63)
where z∗i are the solutions of the variational problem. More explicit computations about this can be obtained in the
examples in chapter 4. Thus, in the case of isoradial quivers, the extremum of the BPS entropy density of isoradial
quiver is obtained from the Mahler measure of the NP with the same coefficients, i.e. the quiver with the same lengths
of the edges. As we obtained in this section, for the isoradial quiver with cyclic polygon quiver, the regularity of
the polygon and equality of the R-charges leads to the extremization of the entropy density. However, the quiver of
the isoradial toric Calabi-Yau threefolds such as C3 and C are themselves regular cyclic triangle and square. In other
words the maximum of the entropy density is the Mahler measure with the normalized coefficients in the NP.
3.5 BPS Phase Structure
In order to study the phase structure of the quivers, we need to explore the possibility of a discontinuity in the n-th
derivative of the entropy density and find the possible critical non-differentiable points and then study the behavior of
the entropy density in the vicinity of the critical points. The general picture of the phase structure in dimer model has
a physical interpretation in quivers and is manifested in terms of the jump in the derivative of the BPS entropy density.
In the class of isordial quivers including the isoradially embedded quivers, this interpretation and manifestation
can be explicitly studied using the analytic expressions and their properties for the entropy density in terms of the
dilogarithm functions. In fact, in the previous parts we obtained the entropy density as the hyperbolic volumes given
in terms of the Bloch-Wigner and Lobachevsky functions. Having explicit formulas for the entropy density allows us
to study the phase structure of the isoradial quiver via the analytic properties of the entropy density.
In this chapter, first we study the critical (non-analytic) points of the entropy density and extract the phase structure
of the quiver. Then, we investigate the behavior of the quiver near the critical points by studying the asymptotic
expansions of the entropy density near the non-analytic points.
Non-analyticity of Entropy Density and Critical Points
The entropy density or the hyperbolic volume is the order parameter of the isoradial quiver and the indicator of the
phase transition in the system. The entropy density written as a sum over Bloch-Wigner functions is an analytic convex
function except at finite number of critical points. In fact, Bloch-Wigner function is analytic inC−{0, 1}which at 0, 1
is continuous but non-differentiable. More precisely, from the mathematical point of view, the non-differentiability
of the entropy density can be seen from the divergence of the derivative of entropy density in Eqs. (48) and (49), at
critical points in the following equations,
dσ
dξ
= −
∑
i
dL(Ri)
dRi
dRi
dξ
=
∑
i
log |2 sinπRi|
dRi
dξ
, (64)
dσ
dξ
= −
∑
i
dD(zi)
dzi
dzi
dξ
=
∑
i
i
2
(
log |1− zi|
zi
+
log |zi|
1− zi
)
dzi
dξ
, (65)
where we observe that the derivative of BPS entropy density is divergent at following equivalent critical points,
zci = 0, 1, R
c
i =
αci
π
= 0, 1, aci = 2 sinπR
c
i = 0, x
c
i → −∞. (66)
15
Thus, we observe that the Rc-charges, and the zeros of the quiver edge lengths and divergent fugacity factors are the
critical points of the isoradial quivers, in different but equivalent representations. On the other hand, from the physics
perspective and using the properties of the Legendre transformation in Eqs. (53) and (54), we have
∂σ
∂Ri
= log ai = xi, (67)
which shows that the first derivative of the entropy density is divergent at the critical points. This is consistent with
the above result from the analysis of the dilogarithm functions.
Phase Structure and the Amoeba/Toric Diagram
The phase structure of the quiver can be studied from the perspective of the dimer model; change of the height function
in the crystal model, and the geometric approach of the Amoeba [44]. However, in this work, we approach this problem
from an analytic perspective and via the critical analysis of the entropy density as a function of R-charges. As we will
see, these two approaches are in fact related and one can obtain the geometric picture out of the analytic approach. In
addition to the analytic information such as order of the phase transition, the critical analysis of the entropy density in
terms of the Bloch-Wigner function or Lobachevsky function leads to the phase boundaries.
In the following, we briefly review the analytic and geometric approaches to the phase structure of the quiver
and discuss their relations. In the two variable formalism, the solid/liquid phase structure is given by the Amoeba of
the NP in which the boundaries of the Amoeba are separating the unbounded complement of the Amoeba from its
unbounded component. Respectively, these are the divergent and convergent domains of the free energy given by the
Ronkin function. In dimer mode language, the boundaries of the Amoeba separate different phases of the system with
different height fluctuations.
In the dimer model representation, the toric diagram is the dual graph of the tropical limit of the Amoeba, i.e. the
spine graph of the Amoeba called (p, q)-web, and this is the support of the entropy density. The boundaries of the
Amoeba are the phase boundaries. Approaching the boundaries of the Amoeba is equivalent to taking the slopes of
the height function to the boundary/inside integer points of toric diagram. In the dual picture, considering the toric
diagram as the dual (p, q)-web, we can focus on the behavior of the entropy density as a convex function of the slopes,
i.e. gradient of the height function, over the toric diagram. In this picture, the boundaries of the toric diagram are the
boundaries on which the entropy density is non-analytic. Furthermore, the entropy density as a convex function has a
maximum, obtained on the symmetric point of the toric diagram, i.e. the intersection point of the edges of the (p, q)-
web. As the entropy density is a convex function with support on the toric diagram, it is implied that the maximum
of the entropy density is obtained at the symmetric point of the toric diagram. From the point of view of the Amoeba,
there are two types of bounded and unbounded boundaries in the Amoeba, separating the gas from the liquid and the
solid from the liquid phases, respectively. From the crystal/dimer model point of view, the phase boundary between the
solid and liquid phases is located in the limit of the zero/one slope, in which the facets of the crystal are approached.
In principle, from the analytic point of view and by studying the entropy density, both types of the boundaries should
be reproduced from the critical limits of the entropy density and its Legendre dual.
Phase Structure and Generalized Amoeba/Toric Diagram
In this part, we briefly discuss a generalization of the above toric geometry picture for the phase structure and the
analysis of the entropy density to the multivariate hyperbolic geometry formulation. However, the proper mathematical
formulation of the above heuristic picture of the generalized phase structure remains for future studies.
First, we define the generalized Amoeba as
AG = { (log |a1|, ..., log |ad|) | P (z, w; {ai}) = 0 }. (68)
The fugacity factors are analogous of the (generalized) Amoeba coordinates and can be obtained from the entropy
density, by using the Legendre transformation properties, as
(x, y) =
(
∂σ(s, t)
∂s
,
∂σ(s, t)
∂t
)
, {xi} = {
∂σ({Ri})
∂Ri
}. (69)
16
In a similar way to Amoeba, the boundaries of the generalized Amoeba are separating the divergent and convergent
domains for the Mahler measure. In fact, the hyper-boundaries of the generalized AmoebaAG separate the unbounded
component of the generalizedAmoeba with convergentMahler measure of the quiver from the unbounded complement
of the generalized Amoeba with divergent generalizedMahler measure. Similar to the Amoeba, the tropical limit of the
generalizedAmoeba is the spine hyper-graph. Analogously, in the hyperbolic representation, we define the generalized
toric diagram as the dual to the spine hyper-graph of the generalized Amoeba and the phase boundaries are the hyper-
boundaries of the generalized Amoeba and the integer points of the generalized toric diagram. In this generalization,
the slopes (s, t) of the dimer model is generalized to the R-charges (R1, R2, ..., Rd) and they are defined as the
derivative of the Ronkin functionN(x, y) and the generalized Mahler measurem({xi}), respectively,
(s, t) =
(
∂N
∂x
,
∂N
∂y
)
, {Ri} = {
∂m
∂xi
}. (70)
Similar to the dimer model representation in which the Amoeba is the phase structure and the support of the free
energy, and the toric diagram is the support of the entropy density, there is a generalization of the geometric picture
for the phase structure of the isoradial quiver. In the hyperbolic representation, the generalized Amoeba is the phase
structure and the support of the free energy of isoradial quivers. The generalized toric diagram is the support of the
entropy density on which the entropy density is an analytic convex function and on the boundaries of the generalized
toric diagram, it is non-analytic. The boundary integer points of the generalized toric diagram are the critical hyper-
surfaces. Similar to the two-variable case, the symmetric point of the generalized toric diagram is the maximizing
point of the entropy density.
Analysis of Entropy Density Near the Critical Points
Having obtained the critical points, the next step is to analyse the entropy density near the critical points. We study the
asymptotic expansion and analytic properties of the BPS entropy density in the critical limits. The phase structure of
the BPS sector of the isoradial quiver including the boundaries and the order of the phase transition, can be extracted
from the analytic behavior of the BPS entropy density near the critical points.
The critical behavior of the entropy density is in the zero limit and boundary point of the generalized toric diagram
and equivalently is obtained by approaching the boundary of the generalized Amoeba from the convergent domain. In
terms of the shape parameters, the expansion of the entropy density near the critical point zi → 0 can be obtained from
the definition of the Bloch-Wigner function, and at the critical point zi → 1 from the propertyD(z) = −D(1− z), as
lim
zi→0,1
σ ({zi}) ≈
1
π
∑
i
±|zi| log |zi|, (71)
where plus (minus) sign is for zi = 1(0) critical points.
Similarly in terms of the dihedral angels and R-charges, at critical points Ri → 0, 1, the entropy density can be
expanded in terms of the R-charges. First, notice that the the Lobachevsky function satisfies
d2L(α)
dα2
= − cotα. (72)
Then, by integrating the series expansion of the cotangent function, and using Eq. (49), one obtains the asymptotic
expansion of the entropy density,
σ({Ri}) = −
d∑
i=1
(
Ri −Ri log |2πRi|+
∞∑
n=1
ζ(2n)
n(2n+ 1)
R2n+1i
)
, (73)
which is convergent for |Ri| ≤ 1.
In the limit Ri → 0, 1, entropy density becomes
lim
Ri→0,1
σ({Ri}) =
d∑
i=1
Ri logRi +O(πRi). (74)
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In other words, near the origin of the generalized toric diagram, we obtain the Shannon-like entropy in terms of the
R-charges,
lim
Ri→0,1
σ({Ri}) =
d−1∑
i=1
Ri logRi −
(
d−1∑
i=1
Ri
)
log
(
d−1∑
i=1
Ri
)
. (75)
The above Shannon-like entropy can be seen as a generalization of the Shannon-like entropy in the hexagonal dimer
model that has been observed in [23] and similarly for clover quiver, by approximation of the integral definition of the
Lobachevsky function in [44]. Furthermore, from the above expansion of the entropy density near the critical points
one can also observe that the derivative of the entropy density is not continuous and in fact divergent.
Moreover, in the context of critical phenomena, we expect a notion of universality in the vicinity of the critical
points. In our work, we rigorously observe a notion of universality as a general Shannon-like formula for the BPS
entropy density in the class of isoradial quivers which leads to a universal phase structure in this class.
Relation to Two-variable Formulation
In this part, we discuss the relations between the hyperbolic formalism to the dimer model formalism of the asymp-
totics of the isoradial quivers. The hyperbolic parameterization is based on the the assignment of the statistical weights
proportional to the lengths of the edges of the quiver. The weights can be transformed to the minimal number of param-
eters, i.e. the coordinates of the Amoeba and the Kähler parameters, as in the two-variable dimer model formulation
of the asymptotics. On the other hand, from the geometric point of view of the hyperbolic formalism, a linear com-
bination of the dihedral angles can be seen as the slopes in the dimer model, as we observed in some examples in
[44]. From the Mahler measure perspective, we can mathematically explain this transformation. The Mahler mea-
sure of the quiver, which is the generalization of the generalized Mahler measure on the torus, can be transformed
to the Ronkin function. In fact, the generalized Mahler measure on torus is equal to the Mahler measure of the NP,
P (z, w) =
∑
(n,m) aˆ(n,m)z
nwm with the choice aˆ(n,m) = e
−t(n,m)anbm,
m(a,b)(P ) = m({aˆ(n,m)}). (76)
In the iosradial quiver, using Eqs. (18) and (36), the Ronkin function is obtained from the Mahler measure, as
πN(x, y) =
∑
(n,m)
(
L(αˆ(n,m)) + αˆ(n,m)(−t(n,m) + nx+my)
)
, (77)
where αˆ(n,m) = 1/2 arcsin aˆ(n,m). Then, comparing with the Legendre transform of the Ronkin function in Eq. (19)
we find that αˆ(n,m) are related to the slopes (s, t), as
s =
∑
(n,m)
n
αˆ(n,m)
π
, t =
∑
(n,m)
m
αˆ(n,m)
π
. (78)
The Mahler measure of the normalized NP with {ai = 1} is obtained from the Ronkin function by putting x = y =
t(n,m) = 0.
Similarly, for the BPS entropy density we have
σ(s, t) = L(m(ex,ey)(P )) = −m(ex,ey)(P ) + sx+ ty
= L(m({aˆ(n,m)})) = −m({aˆ(n,m)}) +
∑
(n,m)
αˆ(n,m)
π
log aˆ(n,m). (79)
As the Mahler measure with all ai = 1, reduces to the generalized Mahler measure with a = b = 1, thus, in terms
of the generalized Mahler measure on arbitrary torus, we reproduce the BPS growth rate,
lim
n→∞
logΩ(n) = −L(m(1,1)(P ))
1/3n2/3 = m(1,1)(P )
1/3n2/3. (80)
The phase structure of the isoradial quiver, the generalized Amoeba and its dual, the generalized toric diagram are
trivially reduced to the two-dimensional one, by the transformation and change of variables introduced in this section.
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Figure 1: Triangle for the clover quiver
4 Examples
In this section, we consider basic concrete examples of isoradial quivers and by using the hyperbolic geometry we
compute the free energy, the BPS entropy density and the BPS growth rate in terms of the R-charges. Based on these
results, we find the BPS Shannon entropy, critical points and the phase structure in these examples.
4.1 Clover and Conifold Quiver
The first and simplest examples of the isoradial toric quivers are C3 and C quiver. In this part, we review the results
obtained in [44] and present them in term of R-charges, with no derivation. These results are the special cases of the
the general results that will be obtained in section 4.2.
Clover Quiver C3
The clover quiver is related to the NP of C3 Calabi-Yau, P (z, w) = 1+ z+w. The clover quiver polygon is a triangle
with edge lengths |a1| |a2|, |a3|, in Fig. 1. The Mahler measure of NP of the clover quiver, P (z, w) = a1z+a2w+a3,
is obtained in [26], and its relation to the volume of the hyperbolic ideal tehtrahedron T built on the triangle, are the
key to understand the thermodynamics of the clover quiver.
Theorem. (Maillot [26]) For a1, a2, a3 ∈ C3,
πm(a1, a2, a3) =

D
(
|a3|
|a1|
eiα2
)
+ α1 log |a1|+ α2 log |a2|+ α3 log |a3| {log |ai|} ∈ A
max π(log |a1|, log |a2|, log |a3|) {log |ai|} /∈ A
. (81)
It will be instructive for the sake of our discussion to notice that the phase factor eiα2 is in fact the solution of
P (z, w) = 0 and |z| = |w| = 1 equations.
The Legendre transformation of the Mahler measure gives the entropy density, as the volume of the ideal tetrahe-
dron built over the triangle ABC and in terms of the R-charges we have,
σC3(R1, R2, R3) = −
1
π
D
(
sinπR3
sinπR1
eipiR2
)
. (82)
In terms of the Lobachevsky function, the entropy density can be written as,
σC3(R1, R2) = −
1
π
Vol (T ) = −
1
π
(
L(πR1) + L(πR2) + L (π(1 −R1 −R2))
)
. (83)
The Shannon entropy of the clover quiver is obtained in the small R-charge limit as,
σC3(R1, R2) ≈ R1 logR1 +R2 logR2 − (R1 +R2) log(R1 +R2). (84)
The BPS growth rate is computed from the maximization of the entropy density, which happens at origin of the Mahler
measure,
σC3({R
∗
i }) = −mC3({x
∗
i }) = −
1
π
D(eipi/3) = −
3
π
L(π/3) ≈ 0.32, (85)
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Figure 2: Cyclic quadrilateral for resolved conifold
where R∗i = 1/3. Thus, the BPS growth rate can be computed explicitly,
lim
n→∞
logΩC3(n) ∼ m
1/3
C3
n2/3 =
1
π1/3
Vol (T ∗)1/3n2/3 ≈ 0.68 n2/3, (86)
where T ∗ is the tetrahedron built on the regular triangle. This result is consistent with the classic result for the
asymptotics of the plane partitions, limn→∞ logPP (n) ∼ (ζ(3)/4)
1/3 n2/3.
Conifold Quiver C
The conifold quiver is related to the NP of C Calabi-Yau, P (z, w) = zw + z + w − 1. The thermodynamics of the
conifold quiver is encoded in following result for the Mahler measure of the conifold quiver and its relation to the
volume of the hyperbolic ideal hexahedronH built on the quiver quadrilateral.
Theorem. (Vandervelde [40]) Consider NP of conifold quiver polygon, P (z, w) = a1zw + a2z + a3w + a4 with
a1, a2, a3, a4 ∈ R. Suppose there is a non-degenerate convex cyclic quadrilateralABCD with edge lengths |a1|, |a2|,
|a3|, |a4| in cyclic order, inscribed in a circle and dihedral angles α1, α2, α4, α3, in Fig. 2. The Mahler measure is
given by
πm(a1, a2, a3, a4) =
{
D(a3a4u)−D(
a1
a2
u) + α1 log |a1|+ α2 log |a2|+ α3 log |a3|+ α4 log |a4| {log |ai|} ∈ A
maxπ(log |a1|, log |a2|, log |a3|, log |a4|) {log |ai|} /∈ A
, (87)
where u is the solution for w of the following equations,
P (z, w) = 0, |z| = 1, |w| = 1. (88)
In [44], we made the observation that u = ei(α1+α2). Then, we obtain the entropy density of the conifold quiver, as
the volume of the ideal hexahedron built over the quadrilateralABCD, and in terms of the R-charges we have,
σC = −
1
π
(
D
(
sinπR3
sinπR4
eipi(1−R3−R4)
)
−D
(
sinπR1
sinπR2
eipi(R1+R2)
))
. (89)
The entropy density in terms of the Lobachevsky function the is,
σC(R1, R2, R3) = −
1
π
Vol (H) = −
1
π
(
L(πR1) + L(πR2) + L(πR3) + L (π(1−R1 −R2 −R3))
)
. (90)
In the small R-charge limit, we obtain the Shannon entropy of the conifold,
σC(R1, R2, R3) ≈ R1 logR1 +R2 logR2 +R3 logR3 − (R1 +R2 +R3) log(R1 +R2 +R3). (91)
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We can obtain the Mahler measure of the conifold,
mC = mC({a
∗
i }) = −σC({R
∗
i }), (92)
where R∗i = 1/4. More explicitly,
mC =
1
π
(
D(i)−D(−i)
)
=
2
π
D(eipi/2) =
4
π
L(π/2) =
2
π
ℑ[Li2(e
ipi/2)]. (93)
Finally, usingmC =
2G
pi ≈ 0.58, we obtain the BPS growth rate of conifold,
lim
n→∞
logΩC(n) ∼ m
1/3
C n
2/3 =
1
π1/3
Vol (H∗)1/3n2/3 = (
2G
π
)1/3 n2/3 ≈ 0.83 n2/3, (94)
whereH∗ is the hexahedron built on the cyclic regular quadrilateral (square).
4.2 Cyclic k-Polygon Quiver
In this section, we consider a cyclic k-polygon quiver with edges (a1, a2, ..., ak), and compute the thermodynamical
observables of the quiver. The results of this section can be seen as the generalization of the previous examples, C3
and C quivers. Similar results for the Mahler measure of the admissible polygons are obtained in [24].
As a result of Eqs. (36) and (37), the Mahler measure of k-polygon quiver is the Legendre dual of the volume of
the ideal polyhedron built over the k-polygon. Thus, in terms of the R-charges we have,
mk({ai}) =
{
− 1piσk({Ri}) +
∑k
i=1 Ri log ai {log |ai|} ∈ A
max({log |ai|}) {log |ai|} /∈ A
, (95)
where ai = sinπRi. The entropy density of the k-polygon quiver can be computed as the hyperbolic volume and in
terms of the Lobachevsky function,
σk({Ri}) = −
1
π
Vol (Nk) = −
1
π
k∑
i=1
L(πRi). (96)
The Shannon entropy of the k-polygon quiver is obtained from the entropy density in the limit Ri → 0, 1, as,
σk({Ri}) ≈
k−1∑
i=1
Ri logRi −
(
k−1∑
i=1
Ri
)
log
(
k−1∑
i=1
Ri
)
. (97)
As the generalization of the Maillot and Vandervelde resutls in previous examples, our main goal of this part is to
compute the entropy density, as the hyperbolic volume given by σ({zi}) =
∑
i∈T D(zi), more explicitly in terms of
the lengths of the edges of the k-polygon quiver and associated dihedral angles. The first step in this generalization is
to make two observations from the two examples in previous part. First, from the results of Maillot [26], we observe
that for each triangle in the triangulation, there is a D(zi) term with the shape parameter,
zi =
a1i
a2i
e
iθ
a1
i
,a2
i , (98)
where a1i and a
2
i are any two of the three edges of the i-th triangle which appear in the ratio in a clockwise order,
and θa1
i
,a2
i
is the angle between the two edges. Furthermore, θa1
i
,a2
i
= π − (α1i + α
2
i ), where α
1
i and α
2
i are the
dihedral angles associated with a1i and a
2
i . Notice that the α
1
i , α
2
i , and a
1
i , a
2
i are the dihedral angles and edges of
the triangle, including the original edges of the quiver and inside edges of the polygon quiver that are made from the
triangulation of the polygon. For a given polygon with specific edge lengths, there are two ways to obtain the angles
between the edges. In fact, there is a formula from trigonometry of the cyclic polygons to determine the angles from
the edge lengths. There is also an algebraic method for this problem. As it is obtained in Maillot and Vandervelde, it
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is natural to generalize these results to conjecture that the angles in the formula are determined from the solutions of
the following equations,
P (z, w) = 0, |z| = |w| = 1. (99)
Depending on the polygon, these equations has different number of solutions which is consistent with the geometric
picture that for a given triangulation of the polygon there are possibly more that one opposite angles. However, the
rigorous analysis of this fact, remains for the future studies.
Second, using the Vandervelde result [40], since the opposite triangles in the triangulation are rotated by π angle,
and the opposite angles are related by θ′ = π − θ, we obtain that the opposite triangles in the triangulation have
D-terms with opposite signs and the angle θ in shape parameter is rotated by π to π − θ, thus the contribution of any
two opposite triangles in the hyperbolic volume becomes
D(zi)−D(zj) = D
(
a1i
a2i
e
iθ
a1
i
,a2
i
)
−D
(
a1j
a2j
e
i(pi−θ
a1
j
,a2
j
)
)
, (100)
where zi and zj are the two shape parameters of the two opposite triangles and a
1
i , a
2
i , a
1
j , a
2
j are the edges of the
triangles that are not shared between the two triangles.
Putting these two results and observations together, now we are able to compute the entropy density of a general
k-polygon quiver, for a given triangulation. Notice that the k-polygon quiver has k − 2 triangles. Now, we can write
the entropy density as the sum over the triangles indexed by j in the triangulation T , as
σk({α
1
j , α
2
j}) = −
1
π
∑
j∈T
ǫjD
(
sinπα1j
sinπα2j
exp if(α1j , α
2
j )
)
, (101)
where we used the relations sinπα1j = a
1
j and sinπα
2
j = a
2
j for the two edges of the j-th triangle with their associated
deihedral angles α1j and α
2
j , and f(α
1
j , α
2
j ) = π − α
1
j − α
2
j for ǫj = 1 and f(α
1
j , α
2
j ) = α
1
j + α
2
j for ǫj = −1.
Next, we explain our particular choice of triangulation, based on which we will obtain the entropy density as
the sum over the edges of the quiver. For any given k-polygon quiver with k even, we triangulate the polygon by
connecting the alternate (nearest) vertices of the polygon. Each triangle is made of two consecutive edges of the
polygon and the third side is the edge drawn between two alternate vertices and the angle, θ in the shape parameter, is
the angle between the two edges of the polygon quiver and in front of the third side of the triangle which is an internal
edge. In this way, any side of the polygon belongs to one and only one triangle. We continue this triangulation for
any inside polygons, made out of the outer triangulation, until the polygon quiver is fully triangulated. In this way,
each edges of the polygon is an edge of one and only one triangle and all the edges of the polygon is used once in the
triangulation. The inside polygons of the k-polygon quiver are triangulated exactly the same way. Notice that for large
enough k, the inside polygon of the of k-polygon is a k/2-polygon and similarly k/4-polygon inside the k/2-polygon
and so on. The dihedral angles associated with each edge of any inside polygon are the sum of the two dihedral angles
of its outside polygon, associated with the two edges of the outside polygon that are making the triangle with the edge
of the inside polygon.
Having explained our particular choice of triangulation, we can write the entropy density of the k-polygon quiver
as the sum over the edges of the polygon quiver and the inside polygons,
σk({ai, a˜i, αi, α˜i}) = −
1
π
∑
j
ǫjD
(
aj
aj+1
exp if(αj , αj+1)
)
−
1
π
∑
j′
ǫj′D
(
a˜j′
a˜j′+1
exp if(α˜j′ , α˜j′+1)
)
, (102)
where j runs over the alternating edges aj of the original k-polygon quiver and j
′ runs over the alternating inside
edges a˜j′ , with dihedral angles α˜j′ of the inside polygons that are made out of the triangulation, and f(αj , αj+1) =
π − αj − αj+1 for ǫj = 1 and f(αj , αj+1) = αj + αj+1 for ǫj = −1 and similar definition for f(α˜j′ , α˜j′+1). In
terms of the R-charges, the above equation becomes,
σk({Ri, R˜i}) = −
1
π
∑
j
ǫjD
(
sinπRj
sinπRj+1
exp iπf(Rj , Rj+1)
)
−
1
π
∑
j′
ǫj′D
(
sinπR˜j′
sinπR˜j′+1
exp iπf(R˜j′ , R˜j′+1)
)
,(103)
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where R˜j′ are the artificial R-charges of the inside edges of the inside polygons and defined in similar way as original
R-charges. In fact, as we explained the relations between the dihedral angles of the original polygon quiver and those
of inside polygons, the R˜-charges can be expressed in terms of the original R-charges as the sum of the R˜-charges of
the edges of the outside polygon that are connected by the inside edge, and continue the sum until we reach the edges
of the original quiver. Thus, it is possible to express the second sum in Eq. (103) in terms of the originalR-charges of
the k-polygon quiver. Next, we will argue that the above entropy density in Eq. (103) reduces to the entropy density
in Eq. (96). In fact, this is the reason for separating the terms in Eq. (103) into original and inside polygon. In the
first sum, eachD-terms can be written as three L-terms of two dihedral angles of the k-polygon quiver and one angle
between the edges of the k-polygon quiver. In the second sum, each D-term is the sum of three L-terms of three
angles which are either the opposite of the angle between the edges of the quiver or the opposite of another angle of
an inside triangle made out of triangulation of the inside polygons. In anyways, all the L-terms of the opposite angles
cancel each other and we are left with L-terms of the dihedral angles of the k-polygon quivers. The cancellation of the
L-terms of the opposite angles of any two opposite triangles in the triangulation, can be mathematically explained as
following, [44],
D(zi) +D(1 + zi) = L (arg(zi)) + L(arg(1−
1
zi
)) + L(arg(
1
1− zi
))
+L(arg(−
1
zi
)) + L(arg(
zi
1 + zi
)) + L(arg(1 + zi). (104)
Nowwe can use the Lobachevsky properties as an odd and π-periodic function, to writeL(arg(zi))+L(arg(−
1
zi
)) = 0
and
D(zi) +D(1 + zi) = L(arg(1−
1
zi
)) + L(arg(
1
1− zi
)) + L(arg(
zi
1 + zi
)) + L(arg(1 + zi)
= L(α1) + L(α2) + L(α3) + L(α4)
= L(α1) + L(α2) + L(α3)− L(α1 + α2 + α3). (105)
In general, for a k-polygon quiver, the number of L-terms, #L, the number of D-terms, #D , and the number of
common shared edges,#Ec , are related by
#L = k, #D = #L − 2 = k − 2, #L = 3#D − 2#Ec . (106)
Finally, the BPS growth rate is obtained from the volume of the regular k-polygon as a result of maximizing the
entropy density discussed in section (3.4), as
lim
n→∞
logΩk(n) ∼
1
π1/3
Vol (N∗k )
1/3n2/3 =
1
π1/3
(
k∑
i=1
L(πR∗i )
)1/3
= (k/πL(π/k))
1/3
n2/3. (107)
It is interesting to observe that, as k →∞, using L(θ) ≈ −θ log θ, we have
lim
n,k→∞
logΩk(n) ∼ (log k)
1/3 n2/3. (108)
The volume of the ideal (regular) k-polygon increases as k increases, thus the BPS entropy density and growth rate is
a growing function of k. This is consistent with Eq. (108).
The Phase Structure of the k-Polygon Quiver
The phase structure of the k-polygon quiver is similar to the phase structure of the general isoradial quiver. The
boundaries of the Amoeba determined by the critical limit Ri → 0, 1 are the phase boundaries of the k-polygon
quiver. From the hyperbolic 3-manifold point of view, the critical point Ri → 0, 1 for all the quiver edges i, is a
singular point of the hyperbolic volume differential form since in this limit all the dihedral angles shrink to zero/π and
all the quiver edges shrink to zero and thus the polygon and its associated polyhedron collapse to a point.
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The phase structure of C and C is the special case of the phase structure of the k-polygon quiver. As we observed
in [44], the entropy densities of the clover and conifold quivers are continuous across the boundaries of their Amoeba
and their first derivatives are not continuous and in fact are divergent approaching the boundaries of the Amoeba. And
thus we observed a possible phase transition in these quivers.
4.3 Hirzebruch Quiver F0 at Isoradial Point
In this work, we mostly studied the isoradial quivers. However, there is another class of quivers which are obtained
from the isoradial embedding of the non-isoradial quivers. In this section, we consider one of the simplest examples
of this type of quivers, namely the Hirzebruch F0 quiver characterized by the NP, P (z, w) = z + w +
1
z +
1
w − l,
at isoradial point, l = 4. The parameter l is associated with the inside point of the toric diagram and the size of the
bounded component of the complement of the Amoeba, i.e. the hole inside the Amoeba. At the isoradial point, the
hole inside the Amoeba which is the gas phase in the phase structure of the quiver shrinks to a point and the quiver
becomes isoradial, [44]. From the thermodynamics point of view, the isoradial embedding is assigning the isoradial
weights for the isoradial quiver. In the isoradial embedding the contribution of the gas phase to the entropy density
and the asymptotics is eliminated. Thus, at isoradial point, we expect that the BPS index is computed via the liquid
phase entropy given by the hyperbolic volume.
The dual of the Hirzebruch quiver at general l 6= 4 is the square-octagon dimer model [22]. Isoradial embedding
of the square-octagon dimer is by shrinking the edges of the square part of the graph to zero and reducing the square-
octagon graph to a square graph. This process is quite similar to the Seiberg duality discussed in this quiver, [11].
The BPS index of the Hirzebruch quiver at isoradial point is computed in [44] and we briefly summarize the results,
without the derivation, in the following. The BPS growth rate is obtained from the Mahler measure and the Mahler
measure of the Hirzebruch quiver,mF0(l) for l = 4, is computed in [41],
mF0(4) =
1
2
(
log
1
16
−
1
4
4F3
(
3/2 3/2 1 1
2 2 2
; 1
))
. (109)
Furthermore, we obtained,
mF0(4) =
4G
π
= 4π−1D(eipi/2) = 4π−1ℑ[Li2(iπ/2)] ≈ 1.16, (110)
and we observemF0(4) = 2mC =
2
piVol(H
∗). Thus, the BPS growth rate in this quiver is
logΩF0(4) ∼ mF0(4)
1/3 n2/3 = (
4G
π
)1/3 n2/3 ≈ 1.05 n2/3. (111)
The above result can be explained from the isoradial embedding of the Hirzebruch quiver and the square-octagon
dimer model. In fact, by shrinking the square part of the dimer graph to zero we reduce the square-octagon graph to its
Seiberg dual, the square graph which is the isoradial quiver, and that is the conifold quiver. There are two topologically
distinct ways of doing the reduction by sending either of the two sides of the square to zero, before the other one. In
this way, it is natural to obtain the BPS growth rate of the Hirzebruch quiver as twice as that of the conifold quiver.
Moreover, the process of isoradial embedding suggests an approach to obtain the Mahler measure and entropy density
of the isoradially embedded quiver. First, notice that in the Hirzebruch quiver, there are five coefficients of the NP
corresponding to four boundary points and one inside point of the toric diagram. The inside point is fixed at l = 4 in
the isoradial limit and thus we are left with four coefficients which are associated with the four edges of the quiver. In
other words, the edges of the isoradial quiver corresponds to the boundary points of the toric diagram. Consider the NP
of the Hirzebruch quiver in the isoradial limit, P (z, w) = az+ bw+ c/z+ d/w− 4. As there are two ways to reduce
the quiver, there must be two topologically different assignments of the four coefficients of the NP to the four edges
of the quiver and thus we have will have two distinct quadrilaterals. These two options can be seen as the resolved
and the deformed conifolds. Then, we can use our result for the k-polygon quiver and/or the Vandervelde results [40],
in the case of quadrilateral, to compute the Mahler measure and entropy density from two distinct ideal polyhedra in
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this case. The details of the complete analysis of this combinatorial problem require a separate comprehensive study
and thus remains for future research. However, in the following we heuristically discuss the variational problem of
the entropy density and the properties of the maximal point of the entropy density of the isoradially embedded quivers
which leads to the growth rate. We also study the relations to the phase structure of the quiver in the isoradial limit.
Phase Structure and Variaitial Problem of Entropy Density
As we discussed, in the isoradial limit, the hole of the Amoeba is shrunk to a singular point, which we call it the gas
point. The phase structure of the isoradially embedded quiver is almost explained in a same way as the isoradial quiver,
in terms of the Amoeba and toric diagram. However, in this case there is a gas point in the phase structure which will
be briefly explained in the following.
In the isoradially embedded quivers, the extremization problem of the entropy density is slightly more complicated
than the isoradial quivers. As we explained, the isoradial limit of the non-isoradial quiver can be seen as deforming of
the quiver and its Amoeba. For the quiver, the isoradial point in moduli space of the parameters is a unique point that
all the genus one Kähler moduli associated with the holes sizes in the amoeba are taken to the isoradial one, and all
the genus zero Kähler moduli are taken to one, and thus the quiver polygon becomes regular cyclic polygon. For the
Amoeba, in the isoradial limit all the holes of the Amoeba are shrunk to points.
In terms of the quiver thermodynamics, in the isoradial limit in which the original non-isoradial quiver is taken to
a cyclic regular polygon, all of the coefficients ai are taken to one except the coefficients which are associated with
the sizes of the gas phase. These coefficients are taking to the isoradial points which are not necessary one and they
can be different for different coefficients associated with different holes. In general. there are different possibilities to
take the isoradial limit depending on the number of the holes and the geometry of the holes.
The geometric symmetries of the system implies that the entropy density is a symmetric function of the slopes on
the toric diagram, meaning that there is a symmetric point on the toric diagram which is the intersection point of the
edges of the dual graph (p, q)-web, and the entropy density behaves symmetrically around this point. Furthermore,
the entropy density is a convex function on the toric diagram. As a result, the symmetric point of the toric diagram
should be the maximizing point of the entropy density which is also a smooth analytic point, if there is no inside point
in the toric diagram. In the Hirzebruch quiver, the zero of the toric diagram is an inside point corresponding to the gas
point. As the inside point is the symmetric point of the toric diagram, we conclude that the gas point is the singular
maximizing point of the entropy density in the Hirzebruch quiver. From the thermodyanmics of the dimer model [23],
we know that the height fluctuations in the gas phase are unbounded and thus it is expected that, in the isoradially
embedded quiver, the maximal point of the entropy density to be the gas point which is the internal point of the toric
diagram. Thus, in the isoradial limit, the gas point is the maximal point of the entropy density.
5 Discussion and Future Directions
The hyperbolic 3-manifolds provide a geometric and physical framework to study the thermodynamics of the BPS
sector of the isoradial toric quiver gauge theories. This framework is physically well-motivated via the concrete
relation between the dihedral angles and R-charges. In this work, we developed the asymptotic analysis of the isoradial
quiver gauge theories and obtained the thermodynamical observables of the BPS sector, such as free energy, entropy
density, growth rate and phase structure, in terms of the R-charges of the fields of the quiver.
The relation between the dimer model and hyperbolic geometry is observed in [20, 21]. However, in this work we
reproduced these results from the view point of quivers and proceed one step further to the analysis of these results in
order to study the asymptotics of the isoradial quiver. A natural implication of our results would be to shed light on
the not deeply understood relation between the dimer model and the hyperbolic 3-manifolds.
In this work, we have considered and studied a variational problem related to the BPS entropy density and we
obtainedR∗-charges which maximizes the BPS entropy density. The connection between this variational problem and
the a-maximization [17] and Z-maximization [27] problems is an interesting problem and remains for future studies.
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In this paper, we mostly considered isoradial quivers with a brief explanation of one example of isoradial embed-
dings of the non-isoradial quivers in the case of Hirzebruch quiver. Our next step in future is to study the isoradial
limit of any toric quiver and study the triangulation of the toric diagram and derive the thermodynamical observables
of the isoradially embedded toric quivers. Perhaps, beside hyperbolic geometry, the toric geometry data and topolog-
ical vertex formalism help us to explicitly study the asymptotics. The toric polygons beyond C3 and C, have vertices
inside the toric diagram and thus should be considered in the isoradial limit. However, as the toy model of these
quivers we considered the isoradial k-polygons with no gas point inside. Furthermore, in the isoradial class, we can
explicitly compute the Ronkin functions and its integral over the amoeba, and thus the computation of the genus-zero
Gromov-Witten invariant is computationally feasible.
Moreover, as the isoradial and isoradially embedded quivers have no gas phase, the result of this paper can be
interpreted as the liquid phase contribution to the free energy, BPS entropy density and growth rate of any general
possibly non-isoradial quiver. A natural continuation of this study is to consider the general (incluidng non-isoradial)
quiver and obtain explicit results for the thermodynamical observables. Perhaps, the main difficulty is in the computa-
tion of the contribution of the gaseous phase of the non-isoradial quivers in the observables, starting from the simplest
example, the Hirzebruch quiver. This contribution is perhaps beyond the hyperbolic geometry techniques that is used
in this articles. For example, contribution of the gas phase into the BPS entropy density is beyond the hyperbolic
volume of the 3-manifolds.
In this work, we observed the relation between the Schläli differential form and the thermodynamic observables of
the isoradial quivers. To continue in this line of research, further studies on the statistical mechanics of the isoradial
quiver gauge theories and dimer models from the hyperbolic geometry point of view are highly interesting. An
immediate suggestion would be the investigations for the possible implications and gauge-theoretic interpretations of
the topological invariants of hyperbolic geometry such as Dehn invariant in the context of quiver gauge theories.
A closely related problem is the asymptotic study of the reduced quivers which are associated with the two-
dimensional crystal model [31]. A possible approach is to formulate the two-dimensional analogue of asymptotic
analysis of the three-dimensional crystal melting, using the tropical geometry techniques related to Amoeba and Al-
gae. In fact, the Amoeba as the limit shape and its Legendre dual in the large deviation problem determine the
thermodynamics of the reduced quivers. The critical asymptotic analysis of the reduced quivers can be performed
using the similar techniques from the hyperbolic geometry. In fact, the crystal model of the reduced quiver is obtained
as the 2d slices of the crystal model associated with the original quiver and thus the phase structure of the original and
reduced quivers perhaps are closely related via the action of a projection.
Statistical mechanics of the dimer model, especially in the isoradial class, contains more information about the
observables of the quivers guage theory. Further studies on the asymptotics of the superconformal indices of toric iso-
radial quivers and partition function of supersymmetric gauge theories on 3-spheres, in terms of the partition function
of the isoradial dimer model is a promising direction for future studies. Perhaps, the starting point would be a related
observation in this context, made in [42].
6 Appendix
Dilogarithm, Bloch-Wigner and Lobachevsky Functions
The dilogarithm function is the generalization of the logarithm function, defined by a power series,
Li2(z) =
∞∑
n=1
zn
n2
, for |z| < 1, (112)
and it has the analytic continuation,
Li2(z) = −
ˆ z
0
log(1 − t)
t
dt. (113)
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There are closely related cousines of the dilogarithm function namely the Lobachevsky function and Bloch-Wigner
function. In fact, there is a modification of the dilogarithm function called Bloch-Wigner function,
D(z) = ℑ(Li2(z)) + log |z| arg(1− z), z ∈ C \ {0, 1}, (114)
which analytically extends the dilogarithm function to the entire complex plane except at points 0 and 1, where it is
continuous but not analytic. In this study, the non-analytic points of the Bloch-Wigner function plays a crucial role
as the critical points of the entropy density and specify the phase structure of the quiver. The Bloch-Wigner function
satisfies the 6-fold symmetry [43],
D(z) = D(1−
1
z
) = D(
1
1 − z
) = −D(
1
z
) = −D(1− z) = −D(
−z
1− z
). (115)
There is continuous, π-periodic function for all θ, called Lobachevsky function L(θ) defined as [36],
L(θ) = −
ˆ θ
0
log |2 sin(t)| dt. (116)
For any positive integer n, L(θ) satisfies
L(nθ) = n
n−1∑
j=0
L(θ +
jπ
n
). (117)
The Bloch-Wigner function and the Lobachevsky function are related, [25],
D(ζ) = L(θ1) + L(θ2) + L(θ3) = L(θ1) + L(θ2)− L(θ1 + θ2), (118)
for ζ ∈ C \ R, θ1 = arg(ζ), θ2 = arg(1− ζ¯), θ3 = arg(
1
1−ζ ). Moreover, we have
D(eiθ) = ℑ[Li2(e
iθ)] = 2L(
θ
2
). (119)
Hyperbolic Volume Computations and Dilogarithm
The ideal tethrahedron in H, denoted by T (z), has four vertices lie on ∂H, 0, 1,∞, z, and characterized by the shape
parameter z, up to an isometry. The volume of the hyperbolic tetrahedron with dihedral angles αi, i.e. arc length’s of
the edges is given by [29],
Vol(T ) =
∑
i
L(αi). (120)
Using the definition of the Lobachevsky function we have
dVol(T ) = −
∑
i
log(2 sinαi) dαi
= log |z|d arg(1− z)− log |1− z|d arg(z)
= d(ℑLi2(z))− d(log |z| arg(1 − z)), (121)
where in the second line we used the sine law and in the third line we used d(ℑLi2(z)) = − log |1 − z| d arg z −
arg(1− z) d log |z|. Using η(z, w) = log |z|d argw − log |w|d arg z, the volume differential form becomes
dVol(T ) = η(z, 1− z) = dD(z), (122)
and thus the volume of the tetrahedra T (z) is, [30],
Vol(T (z)) = D(z). (123)
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If the polydehronN is traigulated to the tetrahedra T (zi), we have
dVol(N) =
∑
i
η(zi, 1− zi) =
∑
i
dD(zi) = d(
∑
i
D(zi)). (124)
and thus the volume of the ideal polydehra is sum of the volumes of the ideal tetrahedra Vol(T (zi)),
Vol(N) =
n∑
i=1
Vol(T (zi)) =
n∑
i=1
D(zi). (125)
References
[1] Alexander Bobenko and Boris Springborn. Variational principles for circle patterns and koebe’s theorem. Trans-
actions of the American Mathematical Society, 356(2):659–689, 2004.
[2] Raf Bocklandt. A dimer abc. Bulletin of the London Mathematical Society, 48(3):387–451, 2016.
[3] Vincent Bouchard. Lectures on complex geometry, calabi-yau manifolds and toric geometry. arXiv preprint
hep-th/0702063, 2007.
[4] Cédric Boutillier and Béatrice de Tilière. Statistical mechanics on isoradial graphs. In Probability in Complex
Physical Systems, pages 491–512. Springer, 2012.
[5] David W Boyd. Mahler’s measure and special values of l-functions. Experimental Mathematics, 7(1):37–82,
1998.
[6] David W Boyd. Mahler’s measure and invariants of hyperbolic manifolds. Number theory for the millennium, I
(Urbana, IL, 2000), pages 127–143, 2002.
[7] DWBoyd and F Rodriguez-Villegas. Mahler’s measure and the dilogarithm (ii), with an appendix by nm dunfield.
preprint arXiv: math/0308041 [math. NT], 2003.
[8] Béeatrice de Tilière. Partition function of periodic isoradial dimer models. Probability theory and related fields,
138(3-4):451–462, 2007.
[9] Michael R Douglas and GregoryMoore. D-branes, quivers, and ALE instantons. arXiv preprint hep-th/9603167,
1996.
[10] Francois Fillastre. Polyhedral hyperbolic metrics on surfaces. Geometriae Dedicata, 134(1):177–196, 2008.
[11] Sebastian Franco, Amihay Hanany, Kristian D. Kennaway, David Vegh, and Brian Wecht. Brane dimers and
quiver gauge theories. JHEP, 01:096, 2006.
[12] Sebastián Franco, Amihay Hanany, Dario Martelli, James Sparks, David Vegh, and Brian Wecht. Gauge theories
from toric geometry and brane tilings. Journal of High Energy Physics, 2006(01):128, 2006.
[13] Daniel R Gulotta. Properly ordered dimers, r-charges, and an efficient inverse algorithm. Journal of High Energy
Physics, 2008(10):014, 2008.
[14] Amihay Hanany and Kristian D Kennaway. Dimer models and toric diagrams. arXiv preprint hep-th/0503149,
2005.
[15] Amihay Hanany and David Vegh. Quivers, tilings, branes and rhombi. Journal of High Energy Physics,
2007(10):029, 2007.
[16] Craig D Hodgson and Igor Rivin. A characterization of compact convex polyhedra in hyperbolic 3-space. Inven-
tiones mathematicae, 111(1):77–111, 1993.
28
[17] Ken Intriligator and Brian Wecht. The exact superconformal r-symmetry maximizes a. Nuclear Physics B,
667(1-2):183–200, 2003.
[18] Ruth Kellerhals. The dilogarithm and volumes of hyperbolic polytopes. AMS Mathematical Surveys and Mono-
graphs, 37:301–336, 1991.
[19] Kristian D Kennaway. Brane tilings. International Journal of Modern Physics A, 22(18):2977–3038, 2007.
[20] Richard Kenyon. The planar dimer model with boundary: a survey. Directions in mathematical quasicrystals,
CRM Monogr. Ser, 13:307–328, 2000.
[21] Richard Kenyon. The laplacian and dirac operators on critical planar graphs. Inventiones mathematicae,
150(2):409–439, 2002.
[22] Richard Kenyon. Lectures on dimers. arXiv preprint arXiv:0910.3129, 2009.
[23] Richard Kenyon, Andrei Okounkov, and Scott Sheffield. Dimers and amoebae. Annals of mathematics, pages
1019–1056, 2006.
[24] Matilde Lalín. Mahler measure and volumes in hyperbolic space. Geometriae Dedicata, 107(1):211–234, 2004.
[25] Leonard Lewin. Structural properties of polylogarithms. Number 37. American Mathematical Soc., 1991.
[26] VINCENTMaillot. G\’eom\’etrie d’arakelov des vari\’et\’es toriques et fibr\’es en droites int\’egrables. arXiv
preprint alg-geom/9706005, 1997.
[27] Dario Martelli, James Sparks, and Shing-Tung Yau. The geometric dual of a–maximisation for toric sasaki–
einstein manifolds. Communications in mathematical physics, 268(1):39, 2006.
[28] Grigory Mikhalkin. Amoebas of algebraic varieties and tropical geometry. In Different faces of geometry, pages
257–300. Springer, 2004.
[29] John W Milnor. How to compute volume in hyperbolic space. Collected Papers, 1:189–212, 1994.
[30] Walter D Neumann and Don Zagier. Volumes of hyperbolic three-manifolds. Topology, 24(3):307–332, 1985.
[31] Takahiro Nishinaka, Satoshi Yamaguchi, and Yutaka Yoshida. Two-dimensional crystal melting and d4-d2-d0 on
toric calabi-yau singularities. Journal of High Energy Physics, 2014(5):139, 2014.
[32] Andrei Okounkov, Nikolai Reshetikhin, and Cumrun Vafa. Quantum calabi-yau and classical crystals. In The
unity of mathematics, pages 597–618. Springer, 2006.
[33] Hirosi Ooguri and Masahito Yamazaki. Crystal melting and toric calabi-yau manifolds. Communications in
Mathematical Physics, 292(1):179–199, 2009.
[34] Hirosi Ooguri and Masahito Yamazaki. Emergent calabi-yau geometry. Physical review letters, 102(16):161601,
2009.
[35] Sanjaye Ramgoolam, Mark C Wilson, and Ali Zahabi. Quiver asymptotics: N= 1 free chiral ring. arXiv preprint
arXiv:1811.11229, 2018.
[36] John Ratcliffe. Foundations of hyperbolic manifolds, volume 149. Springer Science & Business Media, 2006.
[37] Igor Rivin. On geometry of convex ideal polyhedra in hyperbolic 3-space. Topology, 32(1):87–92, 1993.
[38] Mehmet Haluk Sengun. An introduction to a-polynomials and their mahler measures. arXiv preprint
arXiv:1401.7484, 2014.
29
[39] Yuji Terashima and Masahito Yamazaki. Emergent 3-manifolds from four dimensional superconformal indices.
Physical review letters, 109(9):091602, 2012.
[40] Sam Vandervelde. A formula for the mahler measure of axy+ bx+ cy+ d. Journal of Number Theory, 100(1):184–
202, 2003.
[41] F Rodriguez Villegas. Modular mahler measures i. In Topics in number theory, pages 17–48. Springer, 1999.
[42] Masahito Yamazaki. Quivers, ybe and 3-manifolds. Journal of High Energy Physics, 2012(5):147, 2012.
[43] Don Zagier. The dilogarithm function. In Frontiers in number theory, physics, and geometry II, pages 3–65.
Springer, 2007.
[44] Ali Zahabi. Toric quiver asymptotics and mahler measure: N= 2 bps states. Journal of High Energy Physics, (7),
2019.
30
